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Online prediction of arbitrary
sequences




The framework of this talk

Sequential prediction of arbitrary time-series':
- atime-series y1,...,yn € Y = [—B, B] is to be predicted step by step
- covariates xq,...,Xp € X are sequentially available

At each forecasting instancet =1,...,n
- the environment reveals x; € X
- the player is ask to form a prediction y; of y; based on
- the past observations y1, ..., Yt—1
- the current and past covariates xi, .. ., X;

- the environment reveals yt

Goal: minimize the average loss: L, = O S (VO

Difficulty: no stochastic assumption on the time series
- neither on the observations (yt)
- nor on the covariates (x)

'N. Cesa-Bianchi and G. Lugosi. Prediction, learning, and games. 2006.
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At each forecasting instancet=1,...,n
- the environment reveals x € X
- solution: produce the prediction as a function of x;

Ve = fi(x)
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Online to batch conversion

Online regret bound:

n

Reg(F) déf%Z(ﬁ(xf)—yf)z — it L3 () —v)’ = o()
t=1

= ferF n
N——
our performance reference performance Goal
If the data (xt, y:) is i.i.d. we can bound the excess risk of f = — S fe

Convexity

E[(00-v)] - IEE[() -] < %;E[(ﬁ(X)—Y)Z]—fig;lE[(f(X)—Y)z}

< E[Reg,(F)] = o(1)



Finite reference class: prediction
with expert advice




A strategy for finite 7

Assumption: F = {f1,...,fx} C Y is finite

The exponentially weighted average forecaster (Hedge)'
At each forecasting instance t,
- assign to each function f, € F the weight

o (—n T (i) ~15)°)
Siee (-0 (0e) - v5)7)

Pr,t =
- form function f; = SOk Pr.tfr and predict ¥t =TFe(xc)

Performance: if ) = [-B, B] and n = 1/(85?)

n . n 5
Regn(F) = 237 (Fx) = y0)” = inf. > () )" < 255

t=1 t=1 L

If Bis not known in advance,  can be tuned online (doubling trick).

Tittlestone and Warmuth (1994) and Vovk (1990) 4



1. Upper bound the instantaneous loss

(ve — fe(x))’ ()/t -k ﬁk,tfk(xt)>2

forn\1/(882) 1 K R 2 g
< —“log <Z pkﬁte*"(yr*fk("f)) <+ exp-concavity
n k=1
bydeﬁ”‘“‘l"fﬁh.tﬂ —1|0g Ab\h,t efn(yr*fk(xt))z
n Pk, t+1
2 1 Ak,t 1
= (vt — fil(xt))* + = log =
n Pk,t

2. Sum over all t, the sum telescopes

n

; (vt —/ft(xt))z - (% —fre(Xt))z < p log P < p

K
= 8B log K




Large reference class




Approximate F by a finite class Vovk (2001)

1. Approximate F by a finite set . such that

VieF FfeeFe |f—fello <e. (1)

Such set F. is called an e-net of F
2. Run Hedge on F;

Definition (metric entropy)
The cardinal of the smallest e-net . that satisfies (1) is denoted Noo (F, €). The
metric entropy of F is log Noo (F, €).

Regret bound of order (forgetting constants):

n

n
Rego(F) = Rego(Fe)  + | i 5 0= fet)” = it 30 0~ o)’
< log Noo (F, €) " .
0

N~

Regret of Hedge on F¢ Approximation of F by F.




Examples of reference classes: the parametric case

If Noo(F,e) SePforp>0ase —0,

log Noo (F, €
Regn(F) 5 BN
log(e—P ~1/n log(n
o s L exyn plog(n)
n n
Example
Assume you have d > 1 black-box forecasters 1, ..., pq € XY

- linear regression in a compact ball

}':{Zfz1uj<,p,: forue® C Rd} - Neo(F,e) Sed

comp.

- sparse linear regression
= {Zfzwuﬁq . forue 0,19 st |lul =1 and [ullo = 5}

Then?,
d og(1+dn/s
log Noo (F, €) < log <s) +slog (1+1/(ev/5)) — Reg,(F) S M

2F. Gao, C.-K. Ing, and Y. Yang. “Metric entropy and sparse linear approximation of #g-hulls for 0< q< 1. In: Journal
of Approximation Theory (2013).
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What if F is non parametric?

Non parametric class: if log Voo (F,2) = e P forp > 0ase — 0.
log Noo (F, €
Reg, (F) < Og%'() IS
—n—1/(p+1)
< — + & Y P
n
Example

- 1-Lipschitz ball on [0, 1]
F={fey*: vxyexcon [f)—fm|<lx-yl}

Then log Noo(F,e) @ e~' — Reg,(F) Sn='/?

- Holder ball on X C [0, 1] with regularity 8 =g+ a > 1/2

F={rey*: ¥xye X [fV(x) - ()| <k~ and ¥k < g, ¥l < B}

_B
Then® log Noo(F,e) e~ /8 —  Reg,(F) <n B

36. Lorentz. “Metric Entropy, Widths, and Superpositions of Functions”. In: Ar Monthly 6 (1962). S




What if F is non parametric?

Non parametric class: if log Voo (F,2) = e P forp > 0ase — 0.
i » suboptimal:
Reg:(7) s % e N~ e ifp <2
< EF o & 6:”_;/(‘”” s e
n
Example

- 1-Lipschitz ball on [0, 1]
F={fey*: vxyexcon [f)—fm|<lx-yl}

Then log Noo(F,e) e~  — Reg,(F) S n="/2 — suboptimal: n=3

- Holder ball on X C [0, 1] with regularity 8 =g+ a > 1/2

F={rey*: ¥xye X [fV(x) - ()| <k~ and ¥k < g, ¥l < B}

__B . __B8
Then? log Noo(F,e) e~/ — Reg,(F) Sn~ BHF — suboptimal: n~ B+172.

3G. Lorentz. “Metric Entropy, Widths, and Superpositions of Functions”. In: Amer. Math. Monthly 6 (1962). S




Minimax rates

Theorem (Rakhlin and Sridharan, 2014*)
The minimax rate of the regret if of order

- { log N'5¢9(F, ~) I /” \/ﬁlog,\'“(—‘('(/’, F) dr + 5}

y2e20 n n

where log N5¢9(F, e) < log Noo (F, €) is the sequential entropy of F.

M regret of Hedge against y-net — crude approximation
n: approximation error of the e-net — fine approximation

-y [log Noo (F,7)
J2 \/ <8207 d7: from large scale «y to small scale e.

This term is a Dudley entropy integral that appears in
- Chaining to bound the supremum of a stochastic process (Dudley 1967)
- Statistical learning with i.i.d. data to derive risk bounds (e.g, Massart 2007,

Rakhlin et al. 2013)
- Online learning with arbitrary sequences (Opper and Haussler 1997; Cesa-Bianchi

and Lugosi 1999)

“A. Rakhlin and K. Sridharan. “Online Nonparametric Regression”. In: COLT (2014).
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e {|og,\‘x(F,«) +/w v;|og,\’x(,—.f) <1T+g}

v=2e20 n n
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“A. Rakhlin and K. Sridharan. “Online Nonparametric Regression”. In: COLT (2014).



Minimax rates

Theorem (Rakhlin and Sridharan, 2014*)
The minimax rate of the regret if of order

e {Iog,\'x(}", M / \ﬁuog,\’;(,—. F) <1T+s}

v=2e20 n

if log Noo (F €) = log N*¢4(F, £).

Example: let p € (0,2) and F such that
log Noo(F,e) ~ e P ase— oco.

The minimax regret is then of order

—p Y =P /2 v—P _ 2
——dr+e = - - 0 =~ n pR2
n - / Vvn e n * n N

for the optimal choices e = 0 and v = n=1/(P+2)

“A. Rakhlin and K. Sridharan. “Online Nonparametric Regression”. In: COLT (2014).



Our contributions

Propose a constructive algorithm which:
- achieves the Dudley-type regret bound

log Noo [log Noo
Reg, < R N / Eeea\&dTn )

- efficient version for Holder class in [0, 1] (costs a log factor)

Key-subroutine (Multi-variable EG) to go from scale v to scale .

Function class Metric entropy Regret of Hedge  Our Regret
e P pe(0,2) n—1/(p+1) n—2/(p+2)
Lipschitzon [0,1] &~ n=1/2 n—2/3
B-Holderon [0,1] V8 B>1/2 n—8/(B+) n—8/(8+1/2)
Sparse lin. reg. Iog( ) +slog(1+1/(ey/5)) et '°g(W:d”/s) 2ogl1+dn/s) '°g“:d”/s)




Suboptimality of the previous approach

Why was the previous approach suboptimal? We were treating the functions in the

discretization as uncorrelated experts, which is too pessimistic and harmful when F
is large.

To deal with it, we will need the following property for the regret bound:

“if all function in F are close from one another, the regret should be small”

Hedge achieves this!



Hedge with regret scaling with loss range

Assumption: F = {f1,...,fx} € Y is finite such that

viifie F, fi—fillo <A

The exponentially weighted average forecaster (Hedge)?
At each forecasting instance t,
- assign to each function f, € F the weight

oo (X (le) - v)’)
ZJK:1 exp < = 772;1 (fi(xs) — y5)2>

Pkt

- form function f; = ZE:1 Pr.tfr and predict y; :ﬁ(xt)

Performance: if Y = [—B, B] and well-tuned n

qer 1 no_ , . 1 n , leogK
Reg, (F) = = (fx) = ye)” — inf =" (f(x:) — 1) 5{ "
n feF n BA /@

t=1 t=1

SLittlestone and Warmuth (1994) and Vovk (1990) 12



We replace the exp-concavity property of the square loss with the Hoeffding's lemma.

Lemma (Hoeffding)
If X is a random variable with |X| < B. Then,

1 _ nB
S nX e
Vn € R, E[X] < nlog (E[e ])+ Ak

1. Upper bound the instantaneous loss

Pr BA
Pl o Y5

(Ve — fe(x))* = (Ve — fr(x))* < log o .

2. Sum over all t, the sum telescopes

n

D e —Frx)” = (v — fielx)” < |°gB;”/+1 + +778An < BAy/nlogK

t=1 k1



Algorithmic chaining

Build a hierarchy of discretizations:
- the level-m discretization approximates F with precision y2=;
- each level-m node is connected to its closest level-(m — 1) node;

(2
() O
@ @

Hierarchical Hedge algorithm:
- each leaf h recommends its own (discretized) function h(x;);

- each internal node hosts an instance of Hedge using its children as experts; its

. m JInNj_— . . . )
regret is at most of order 42— " ™ at level m since its children’s losses are

~2~M-close.
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Chaining (continued)

Summing the local regret bounds over any path in the tree, we obtain a regret bound

of
2Iog _m [INN, —M
Reg/(F) < B BZ 2 — 4 m
m=0
I \ o0
¢ plEN=Z) 0 \/'og\ COPS
Remarks:

- Same upper bound as the one proven by Rakhlin, Sridharan, and Tewari, 2015 in a
nonconstructive manner.

- Matches the lower bound of Hazan and Megiddo, 2007.



Efficient implementation for Lipschitz functions

The idea is to design computationally manageable coverings 7(¥) k > 0:

- approximate any Lipschitz function f € [0,1] — [—B, B] with piecewise constant
functions (level k = 0);
- refine the approximation via a dyadic discretization (levels k > 1).

—— level 0
B-ny ————-=level 1

level 2

vy ‘ L(,2,1) L{z,z) L(LM) L(.“)

(a—1)y ‘ ‘ ‘ ay

-n{

At each round t, the point x; falls into only one subinterval for each level k
= No need to update all coefficients = manageable complexity O(n*/3).

For Holder functions: piecewise constant — piecewise polynomials



Extensions




Extension to general loss functions

Goal: minimize the regret
1S 1<
Reg, = o ?:1 £(Vt) —f'en; o t; & (f(xt))

for generic sequences of loss functions (¢;).

If the loss functions #; are Lipschitz, we can achieve

Reg,(F) < % +/ \yw(h s
Je ¥

Large scale term not possible
(was thanks to strong convexity)

Lipschitz class on [0, 1]  Metric entropy ~ Hedge Regret  Our Regret

d:" 67‘\ nf‘\/:i H—W/Z
d=2 e n=1/4 n="?logn
>3 e p—1/(d+2) p—1/d

First constructive algorithm to achieve the optimal® rates.

The rate n—"/(d+2) was achieved by G. and Baudin, 2014 and Hazan and Megiddo, 2007.

6A. Rakhlin and K. Sridharan. “Online Nonparametric Regression with General Loss Functions”. In: arXiv (2015).



Can we use chaining for other feedbacks?

Bandit feedback: the learner only observes its loss £:(V;) instead of £

- Bad news: deriving regret bounds that scale as the effective range of the arms’
losses, which was key for full information, is not possible in general for
adversarial bandits (Gerchinovitz and Lattimore, 2016).

- Regret bounds : 7=1/(9+3) for semi-Lipschitz losses or 7=1/(¢+2) for convex Lipschitz
losses. See also the work of Slivkins (2014).



Can we use chaining for other feedbacks? One-sided feedback

One-sided full-information feedback: the learner obbserves £:(y) for ally > V.

Example of application: online ot

auctions in web advertising. 02 -

- This stronger feedback, together with Lipschitzness of the losses, enables us to
derive a regret bound for a variant of Exp4 that scales as the effective range of
the arms’ losses.

- Hierarchical algorithm: in the earlier tree, we replace Hedge with Exp4 (bandit
algorithm). We obtain a regret of order 7=1/(¢+) or even 7=/(d+2/3) with an
additional hierarchical penalization trick.



Other related open questions

Get the sequential entropy A/5¢9(F, <) instead of the metric entropy Noo (F, €)
Efficient version for other function classes
- step-wise Lipschitz functions — application to classification

- generalized additive models — useful to predict electricity consumption

Similar results with other algorithms (Kernel regression)

THANK YOU !

20
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